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Introduction

Guaranteed protection levels of the Global
Navigation Satellite System (GNSS) are of
great importance, especially for the safety
critical application such as: landing approach
and navigation of autonomous vehicles. In
order to guarantee the computed protection
levels, reliable outlier detection and exclusion
algorithms must be apply. In the past 30
years, di�erent algorithms have been investi-
gated based on statistical hypothesis testing.
Thanks to their out-performance, the resid-
ual based test statistics and the solution sep-
aration have gained most interest compared
to other algorithms. However, statistic-based
fault detection and exclusion algorithms do
not guarantee a safe navigation when the un-
derlying assumptions on error probability den-
sity functions may not be ful�lled. In addi-
tion, interval-based fault detection techniques
have been investigated in literature e.g: q-
relax intersection. This technique guarantees
the protection level but it su�ers from low ac-
curacy in the multiple fault situation.
In this work, we propose a fault detection

and exclusion technique based on determin-
istic observation intervals. The inconsistency
of the positioning problem is indicated by the
size of the polytope obtained from the inter-
section of the observation intervals. For the
optimal case of no observation noise and no
outliers, the polytope is a zonotope. Thus,
we will use the normalized relative volume be-
tween a nominal polytope (zonotope) and the
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actual non-regular polytope as indicator to de-
rive an outlier detection.

The observation intervals are determined
from sensitivity analysis of the correction
models and the expert knowledge of the size
of remaining errors. Applying the interval
bounds on both direction of the observation
transforms the navigation problem from a sin-
gle point position to a solution set represented
by non-regular polytope. If the observation
intervals contain the actual observations, then
the solution set guarantees to contain the true
position. If biases occur for some observa-
tions, di�erent situations can happen. For
large biases, the solution set is empty which
indicates the bias and can serve as detection
criteria. When small biases occur, the solution
set is not guaranteed and also not empty. In
order to detect those type of biases, a thresh-
old is proposed and applied on the relative vol-
ume which indicate the level of inconsistency
between the intervals and the actual observa-
tions. Monte Carlo simulations are performed
on di�erent GNSS positioning scenarios for a
better understanding of the inconsistency be-
havior.

Methodology

The non-linear GNSS navigation equation Eq.
(1), is linearized via Taylor expansion at an
approximate initial position. As a result, we
get the system of equations represented in Eq.
(2). Then applying the interval bounds on
the observed minus computed values, we get
a system of inequalities Eq. (3) which can be
intepreted as a hyperplan representation of a
polytope.



l =
√

(xsv − xu)2 + (ysv − yu)2 + (zsv − zu)2

+ c · (dtu − dtsv) (1)

Adx̂ = dl (2)

dl− ∆ ≤ Adx̂ ≤ dl + ∆ (3)

where sv indicates the space vehicle and u the
user, l is the pseudorange measurements, cdtu
and cdtsv the receiver and satellite clock o�set,
respectively, A the design matrix, dx̂ the es-
timated state vector, and ∆ the interval error
bound of the observations. Then a primal dual
polytope algorithm is used to transform the
hyperplane representation into a vertex repre-
sentation of the polytope.
The shape, volume and position of the poly-

tope depend on the observation errors, inter-
val bounds, and satellites geometry. As the
observation errors increase, the volume of the
polytope decreases till it becomes empty for
large outliers i.e: the true observation is out-
side the interval bounds. To measure this in-
consistency in the observations, the nominal
polytope (zonotope) is computed and com-
pared to the regular polytope, Eq. (4).

Inconsistency = Vr =
VZ − VP
VZ

(4)

Results and Discussion

We perform a Monte Carlo simulation to un-
derstand the behavior of the inconsistency
measures in terms of geometry, ∆ and biases.
Fig. 1 shows the results of the simulation,
where 7 di�erent scenarios with di�erent num-
ber of satellites in view and geometrical dilu-
tion of precision GDOP (Table 1) have been
analyzed. 1000 epochs have been simulated
for each run, where a ramp bias is introduced
starting from epoch 100 and ending at epoch
500. We simulate GPS code measurements
with white noise (0,σ = 1m) and a clock error
with linear drift and white noise (0,1m).
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Figure 1: Inconsistency measures: a. di�erent
scenarios, b. di�erent applied error bounds, c
and d. di�erent biased measurement.



Sce 1 2 3 4 5 6 7

NSV 9 8 6 10 7 5 6

GDOP 2.3 2.4 3.3 2.0 3.3 11 9

Table 1: GDOP and number of satellites for
each scenario in the Monte Carlo simulation.

Fig. 1.a shows the results when the ∆ are
�xed to 4 meters and the biased satellite is the
same for all scenarios. It is clear that di�er-
ent scenarios behave in a di�erent way to the
same biased satellite. In �gure 1.b the sce-
nario (4) and the biased satellite (PRN 10) is
�xed while varying the error bounds ∆. The
inconsistency behave in di�erent way with and
without biases. As the error bound increases
the mean value of the inconsistency decreases
and the slope of the inconsistency in the bi-
ased region decreases and number of empty
sets decreases.

Fig. 1.c and 1.d display the di�erent biased
satellites where the geometry and the ∆ were
kept �xed. Fig. 1.c depicts a good geometry
situation (scenario 1; GDOP = 2.3) and re-
veals the same e�ect for di�erent biased satel-
lites, while Fig. 1.d depicts the bad geometry
(scenario 6; GDOP = 11) and implies di�er-
ent behavior of the inconsistency for di�erent
biased satellites. This behavior depends on
the line-of-sight direction of the biased satel-
lites and the geometry of the other satellites in
view. A good explanation and demonstration
is presented in [1].

The Monte Carlo simulation reveals the
complexity of the inconsistency measures de-
rived from the relative volume of polytopes.
For simplicity and to test the algorithm on
a real data, we apply a simple threshold test
based on the mean value and the standard de-
viation of the relative volume. Fig. 2 shows
the cumulative frequency of the 3D position
error with and without applying the fault de-
tection and exclusion on the inconsistency.
The test shows a 25.6 % improvement in po-
sition where the root mean square of the po-
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Figure 2: Cumulative frequency of the 3D co-
ordinates error.

sition error decreases from 9 m to 6.7 m.

Conclusions

In this study, a new fault detection and ex-
clusion method is developed and tested with
simulated and real data. First results show
around 25 % improvement in the positioning
error with simple threshold test. However, the
behavior of the inconsistency measures is more
complicated and varies from situation to an-
other as the Monte Carlo simulation suggest.
In the future more sophisticated test will be
investigated.
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